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Abstract 
This paper proposes a mathematical model supporting the management of project risk. The model distinguishes between risks 
which have to be accepted and risks which can be eliminated at some cost, helping to decide which risks should be eliminated so 
that the customer requirements with respect to project completion time can be satisfied at minimal cost. The model is based on a 
modification of the PERT method and can be reduced to a mixed linear programming problem. The model is illustrated by means 
of a real world case concerning a construction project. 
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1. Introduction 
The execution of construction investments is a very complex endeavour. It is linked to many potential risks (here, 
we understand risk as an event which may happen and if it does, will have a negative influence on project success16; 
in this paper we emphasize the time aspect of project success). The construction process is a chain of events depending 
on the efficiency and capacity of the people and the equipment, on the weather, the site and policy conditions, on the 
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attitude and influence of numerous stakeholders, etc. There are many serious risks that can significantly influence the 
completion time of construction projects and timeliness tends to be very important in such projects. The seriousness 
of construction project delays and the problem of avoiding them have been discussed thoroughly in the 
literature1,12,17,20,22,23,24 and are addressed here in section 2, which provides a brief literature review on the subject.  
Taking all this into account, it should be stated that in the area of construction projects, as in many other areas in 
which projects with significant uncertainty concerning duration are executed, it is necessary to conduct research into 
methods for scheduling such projects considering the risk of delay. Of course, such research has been conducted for 
many years. In this paper, however, we propose a new quantitative model, based on stochastic programming and on a 
modification of the PERT method, which differs from existing models in that it makes it possible to treat different risk 
categories in different ways; the existing models, to the knowledge of the authors, do not explicitly do so. The different 
treatment of various risk categories is important because some construction project risk categories may be more suited 
to one risk management approach at the given moment and in the specific situation, whereas other categories may 
suggest a completely different risk management approach. By referring to different risk management approaches, we 
understand, for example, risk avoidance, risk transfer, risk mitigation and risk acceptance16. In our model, we enable 
the incorporation of various risk approaches for application in the mathematical model.  
The goal of the paper is thus to propose a new stochastic programing model which makes it possible to differentiate 
various construction project risk categories with respect to risk management treatment and to validate the model using 
a real world construction project case study. In Section 2 the state of the art (limited to the literature most significant 
to the paper) on construction project risk categories and on stochastic PERT-based models concerning project risk 
management is presented. In Section 3 the new model is proposed and in Section 4 the case study is analysed. The 
paper ends with conclusions.  
2. State of the art 
2.1. Risk categories in construction projects 
In the literature, risks in construction projects are divided into different categories. This process enables grouping 
of risk areas, at the same time improving the transparency of analysis. In the literature, there are different proposals 
for risk categorization. For example in the International Construction Risk Assessment Model (ICRAM)7, a division 
into three major categories of risk is proposed: risk at the macro level, risk involved in the construction market and 
risk at the project level. In the first category the following groups are distinguished: operational risks, political risks 
and financial risks. In the second category there are technological risks, legal risks, cultural risks and risks of changes 
in market potential. In the last category, the model considers project management risks, technological risks, disaster 
risks, financial risks, contract risk, quality risks and weather risks. It is worth mentioning that each of these sub-
categories is divided into further categories of risk, which in turn facilitates the building of a precise and transparent 
risk map. 
Skorupka19 also divides risks into categories. In this case, these are linked to the phases of the investment process 
in the construction industry and include: preliminary design, tender, detailed design, construction and settlement of 
payments. For example, in the first phase, the author distinguishes the following types of risk: risks of poorly 
recognized competition, risks of poorly recognized investor preferences and risks of underestimating the project costs. 
Other authors1 propose nine categories of risks: risks associated with the project, risks associated with the owner, 
contractor-related risks, risks associated with the consultant, risks associated with the design team, risks associated 
with materials, hardware-related risks, risks associated with the labour force and external risks. For instance, the first 
category includes risks such as too short a period stipulated in the contract, legal disputes between the different parties, 
inadequate definition of the facts, ineffective penalties in the case of delays in the project, a wrong order type and a 
wrong bid type. We also find another approach24: the division of risks into cost-related, time-related, quality-related, 
environment-related and safety-related aspects. For example, risks associated with costs are: tight project schedule, 
design changes, changes of investor, improper construction planning, conflicts, changes in prices of materials, 
complexity of licensing procedures, incomplete documentation, imprecise estimates and misdistribution of work. 
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2.2. Project risk PERT modelling 
The most popular stochastic approach to the modelling of risky project activities related to duration is the original 
PERT method9, based on the beta distribution assumed for each activity. However, many researchers show that is not 
always appropriate and introduce some modifications2,3,4,5,6,8,10,11,13,14,15,18,21. Such research directions, one of which is 
discussed and used below, are very well justified, as the probability distributions assumed for the calculations should 
express to as great an extent as possible the actual expert knowledge on the duration of activities and the various 
situations that may occur in practice, not all of which are covered by the beta distribution used in the original method.  
Hahn’s proposal6 is of special interest to us. The author proposes correcting the beta distribution used in the original 
PERT method by mixing with one uniform distribution. We exploit this approach, generalizing by using several 
uniform distributions and referring the two distribution types to different risk categories.  
3. Proposed model 
With respect to the risk categorizations discussed in Section 2.1, we concentrate first on that proposed in the ICRAM 
method7: risk linked to the macro level, the construction market level and the project level; other divisions from Section 
2.1 might be treated in a similar way. The general idea is to isolate the risks over which we have influence and 
potentially want to make use of this in the given situation and at the given moment, distinguishing them from those 
which we simply want or have to accept. In the case of the three aforementioned risk categories – risk linked to the 
macro level, construction market level and project level – we will assume that we have to accept the risks at the two 
former levels, but will be able to influence the risks at the project level. In the case of the other divisions from Section 
2.1, we might make a similar decision or finding, e.g. that at the given moment, we can and want to influence the risks 
linked to the preliminary design but accept risks (for now) linked to other project stages.  
In our paper, we assume that the original PERT model, i.e. beta estimates, refers to the uncertainty in the 
construction market and at the macro level altogether over which the project organizers have no influence and can 
only apply the strategy of risk acceptance. However, the project level provides some possibilities for manoeuvre. We 
assume that risks at the project level can be eliminated at some cost and so we model the uncertainty introduced by 
these risks by generalizing Hahn’s proposal6, i.e. by mixing the beta distributions (representing the risk at the two 
levels listed above) with several uniform distributions, representing various project-level risks. 
Let us assume that the project is described as an acyclic network ܩሺܰǡܣǡ ܶሻ, where ܰ ൌ ሼͳǡǥ ǡ ݊ሽ is a group of 
nodes (events), ܣ ؿ ܰ ൈ ܰ is a group of arcs (tasks or activities), ܶǣ ܣ ՜ ࣬ା represents the duration of the tasks. 
In the PERT method9, it is assumed that the time of execution of the tasks has beta distribution ሺܽǡ ܾǡ݉ሻ in the 
interval [a, b] with the density function and expected value (1), where a, m and b are, respectively, the optimistic, the 
most probable and the pessimistic task duration estimates given by experts. 
 
݂ሺݐሻ ൌ ଵ஻ሺఈǡఉሻ
ሺ௧ି௔ሻഀషభሺ௕ି௧ሻഁషభ
ሺ௕ି௔ሻഀశഁషభ ,ܧሺߙǡ ߚǡ ܽǡ ܾǡ݉ሻ ൌ
௔ାସ௠ା௕
଺   (1) 
 
Formula (1) models the risks at the macro level and the construction market level. As the project level is different 
in the sense that the risks at this level can be eliminated, we want to isolate those risks. On the basis of the experts’ 
opinion, a list of risks at the project level, ܴ௞, ݇ ൌ ͳǡǥ ǡ ܭ, is generated. For each risk ܴ௞, ݇ ൌ ͳǡǥ ǡ ܭ the experts also 
give the estimate ݏ௞, ݇ ൌ ͳǡǥ ǡ ܭ, where ݏ௞ is the percentage by which the pessimistic duration of each task affected 
by risk ܴ௞ will be increased. Of course, assuming one value ݏ௞ for all the affected activities will not always be valid, 
but even in case the ݏ௞  should in fact be differentiated among the affected tasks it would be possible to take the 
maximal value - the experience shows that it is better to consider a pessimistic scenario than a too optimistic one. Also, 
on the basis of the experts’ opinion, the AHP analysis is performed, which provides the weights of risks Ʌଵ……Ʌ௄ , 
where σ Ʌ௞௄௞ୀଵ ൌ ͳ. These weights represent the strength of influence of individual risks on the duration of activities.  
For each task (i, j) the expert specifies by which risks it is affected and the set of the risks affecting task (i, j) will 
be denoted as :ij Ǥ  This means that for a task (i, j), the pessimistic duration bij should be increased by,  
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(6Rk  :ij Sk)bij, giving the modified pessimistic value bij’ = (1 + 6Rk  :ij Sk)bij (in the pessimistic case all the risks from 
ȳ௜௝  will actually occur).  
The activity duration is then modelled using a generalization of Hahn’s approach6, according to which the beta 
distribution is mixed with a uniform distribution. In our case, however, contrary to the original proposal6, the beta 
distribution is mixed with not one but several uniform distributions. Thus, we have the following density function of 
the duration of activity ݅ǡ ݆ǣ 
௜݂௝ሺݐሻ ൌ ቀͳ െ σ ߠ௞ோೖאఆ೔ೕ ቁ
ଵ
஻൫ఈ೔ೕǡఉ೔ೕ൯
൫௧ି௔೔ೕ൯ഀ೔ೕషభ൫௕೔ೕି௧൯ഁ೔ೕషభ
൫௕ି௔೔ೕ൯ഀ೔ೕశഁ೔ೕషభ
൅ ቀσ ߠ௞ோೖאఆ೔ೕ ቁ
ଵ
௕೔ೕᇲ ି௔೔ೕ
  (2) 
 
The minimal project duration time (in the sense of the expected value) and the schedule of the project (also based 
on the expected values) for the case that no project-level risk occurs may be determined on the basis of the following 
model: 
 
݉݅݊ ߬  (3) 
 
with the following constraints: 
 
߬ଵ௝ ൒ ܧ൫ ଵܶ௝൯ ൅ ߬௦݂݋ݎሺͳǡ ݆ሻ א ܣ   (4) 
߬௜௝ ൒ ݉ܽݔሺ௜ǡ௝ሻא஺ ቀ߬௜ ൅ ܧ൫ ௜ܶ௝൯ቁ ݂݋ݎ݅ ് ͳǡ ݊   (5) 
߬ ൒ ݉ܽݔሺ௜ǡ௡ሻא஺൫߬௜ ൅ ܧሺ ௜ܶ௡ሻ൯   (6) 
ܧ൫ ௜ܶ௝൯ ൌ ௔೔ೕାସ௠೔ೕା௕೔ೕ଺ .   (7) 
 
where: ߬ is the time of completion of the project, ߬௦ ൌ Ͳ is the starting time of the project,߬௜௝  is the completion time 
of activity ሺ݅ǡ ݆ሻǡ and ܧ൫ ௜ܶ௝൯ is the expected duration of activity ሺ݅ǡ ݆ሻǤ 
The critical time of the project, i.e. the project duration (in the sense of the expected value) is the time ߬௢௣௧ଵ , where 
߬௢௣௧ଵ  is the optimal value of (3). ߬௜௝ determine the project schedule in the sense that they would be the task completion 
times if all the actual task durations were equal to their expected values. Model (3)–(7) may easily be transformed into 
a linear model. 
Model (3)–(7) does not take project-level risks into account (it assumes that all of these have been eliminated and 
thus it is usually unrealistic). Model (3)–(7) with (7) replaced by the expected value of distribution (2) would calculate 
߬௢௣௧ଶ , i.e. the expected duration of the project in the pessimistic case, should all the project-level risks occur. If the 
project manager or the customer are not satisfied with the duration time ߬௢௣௧ଶ , we can consider the strategy of 
eliminating all or several risks at the project level.  
Let us assume, then, that for each risk at the project level it is possible to apply a measure which would eliminate 
the risk and the cost of which is known – it is equal to ܿ௞, ݇ ൌ ͳǡǥ ǡ ܭ. The question is which measures to select for 
actual application. Let us also assume that the client imposes a directive deadline ߬஽ in terms of the expected value 
(߬஽is smaller than ߬௢௣௧ଶ ). Our aim is to minimize the costs of eliminating the possibility of not meeting the directive 
deadline ߬஽ in terms of the expected value. The corresponding model is as follows: 
݉݅݊σ ܿ௞ݕ௞௞    (8) 
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with the constraints (4), (5), (6) where: 
 
ܧ൫ ௜ܶ௝൯ ൌ ቀͳ െ σ ߠ௞ݕ௞ோೖאఆ೔ೕ ቁ
௔೔ೕାସ௠೔ೕା௕೔ೕ
଺ ൅ σ ߠ௞ݕ௞
௔೔ೕశ௕೔ೕĄ
ଶோೖאఆ೔ೕ         (9) 
ܾ௜௝Ą ൌ ቀͳ ൅ σ ݏ௞ோೖאఆ೔ೕ ቁ ܾ௜௝ , ሺ݅ǡ ݆ሻ א ܣ   (10) 
ݕ௞ ൌ ͳ when we undertake the activity eliminating risk ܴ௞, ݕ௞ ൌ Ͳ in the opposite case. 
 
Model (8)–(9), just like model (3)–(7), can be transformed into a linear form. As a result, we will obtain the set of 
actions which should be undertaken to obtain the desired expected project completion time at the minimal cost and the 
minimal cost itself. 
4. Case study 
Let us consider a real world construction project, the construction of a sales and service centre19. The centre was 
designed as consisting of two segments and four storeys, without basements. The ground floor was to be dedicated to 
sales and services, while the remaining storeys were to contain office and service premises.  
The project consisted of 18 tasks/activities. For each task, the experts provided three time assessments, i.e. the 
optimistic, pessimistic and most probable estimates, representing the risk at the macro level and the construction 
market level. The planning time unit was one week. The structure of the network of the project and the time 
characteristics of the tasks are presented in Table 1. For the sake of simplicity, in the example, we have given up the 
formal representation of each activity as a couple of nodes and use letter symbols to represent individual activities.  
Table 1. Characteristics of the project network19. 
Activity name 
Activity 
symbol 
Predecessors 
of the activity 
Optimistic 
time 
(ܽ௜௝) 
Most probable 
time 
(݉௜௝) 
Pessimistic 
time 
(ܾ௜௝) 
Preparatory works P  9 10 11 
Earthworks G P 14 15 16 
Foundation works  
(stage 1) F1 G 19 20 21 
Foundation works  
(stage 2) F2 F1 7 9 11 
Ground floor (stage I) GF1 F1 28 30 32 
Elevator shaft (stage 1) L1 F1 16 17 18 
Ground floor (stage 2) GF2 F2, GF1 9 11 13 
Floor I (stage 1) FF1 F2, GF1 21 23 25 
Elevator shaft (stage 2) L2 F2, GF1 16 17 18 
Floor I (stage 2) FF2 GF2, FF1, L1 14 16 18 
Floor II (stage 1) SF1 GF2, FF1, L1 29 40 51 
Elevator shaft (stage 3) L3 GF2, FF1, L1 18 19 20 
Floor II (stage 2) SF2 FF2, SF1 14 16 18 
Floor III (stage 1) TF1 FF2, SF1 38 40 42 
Elevator shaft (stage 4) L4 FF2, SF1 16 17 18 
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Floor III (stage 2) TF2 SF2, TF1, L3 4 6 8 
Roof drainage over floor III DhR TF2, L4 11 12 13 
Roof over floor III R SF2, TF1, L3 18 19 20 
 
As far as the risks linked to the project level are concerned, the experts distinguished the risks as presented in Table 
2. Their weights were determined by the experts using the AHP method and their impact on the task durations were 
also estimated. Table 2 also includes the estimated costs of elimination of the respective risks. 
Table 2. Characteristics of risk factors19. 
Risk index ܴ௞ Risk ܴ௞ Risk weight (ߠ௞) 
Increase of 
execution time [%] 
(ݏ௞) 
 
The activities affected by the given 
risk 
Costs of risk 
elimination 
[PLN thousand] 
(ܿ௞) 
1 Project calculation errors 0.183 9.17 
G, F1, F2, GF1, GF2 FF1, FF2, SF1, 
SF2, TF1, TF2, L1, L2, L3, L4 60 
2 Wrong bill of quantities 0.092 2.93 
GF1, GF2, IF, IIF, IIIF, L1, L2, L3, L4, 
R 70 
3 Contract precision 0.092 3.30 F1, F2,GF1, GF2, FF1, FF2, SF1, SF2, TF1, TF2, L1, L2, L3, L4 90 
4 Wrong ground recognition 0.061 2.99 G, F1, F2 80 
5 
Technological 
Changes 
0.046 3.21 GF1, GF2, FF1, FF2, SF1, SF2, TF1, TF2, L1, L2, L3, L4, R, DhR 100 
6 Equipment failures 0.037 1.65 G, F1, F2 150 
7 Delays in deliveries of equipment 0.061 2.87 
F1, F2,GF1, GF2, FF1, FF2, SF1, SF2, 
TF1, TF2, L1, L2, L3, L4, R, DhR 50 
8 
Construction 
catastrophe or 
accident 
0.184 0.18 G, F1, F2, GF1, GF2, FF1, FF2, SF1, SF2, TF1, TF2, L1, L2, L3, L4, R 10 000 
9 Poor quality of works performed 0.092 2.30 
G, F1, F2,GF1, GF2, FF1, FF2, SF1, 
SF2, TF1, TF2, L1, L2, L3, L4, R 100 
10 Poor quality of materials 0.092 3.46 
G, F1, F2, GF1, GF2,FF1, FF2, SF1, 
SF2, TF1, TF2, L1, L2, L3, L4, R 100 
11 Adverse weather conditions 0.061 2.20 P, G, F1, F2, GF1, GF2, R, DhR 10 000 
 
Let us start with the analysis of the execution time of the project according to two scenarios:  
x Scenario 1 (unrealistic): the project is not affected by any project-level risk (all the project-level risks from Table 
2 have been eliminated, which would cost PLN 20,740). We can calculate the expected duration time of the project 
based on the model (3)–(7), which amounts to 187 days. The critical path, determined according to the generally 
known CPM method, is the path P, G, F1, GF1, FF1, SF1, TF1, R. In accordance with the classical PERT method, 
it is assumed that the duration time of the project has normal distribution, ܰሺͳͺ͹ǡ ͳǡ͵͹ሻ.  
x Scenario 2 (pessimistic): the project is affected by all the risk factors listed in Table 2 (none of those risks have 
been eliminated and thus no risk management cost has been incurred). The expected project execution time then 
equals 207.47 days (model (3)–(7) with (7) replaced by (2)). The critical path is P, G, F1, GF1, FF1, SF1, TF1, R. 
The critical time dispersion is equal to 6.81 days. 
The difference in the expected value for project execution between the two scenarios equals approximately 20.5 
days and thus the maximal possible reduction with respect to the worst case (Scenario 2) is equal to almost 10% 
(reduction from the expected project duration time of 207.47 days to 187 days at a cost of is PLN 20,740)). Now, let 
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us assume such a reduction is not necessary: the customer requirement is to shorten the expected time of project 
execution by at least 10 days. The question is then which risk-eliminating activities from Table 2 should be undertaken 
so that this is achieved at the minimal cost. We solve model (8)–(9) for ߬஽ ൌ ͳͻ͹ǤͶ͹. The minimum cost we need to 
incur is equal to PLN 110,000. This is the cost of eliminating risk ܴଵ (calculation errors in the project) and risk 
ܴ଻(delays in deliveries of materials). The expected project execution time is shortened to 195.76 days (the reduction 
is greater than that expected by the customer). The critical path in this case is also P, G, F1, GF1, FF1, SF1, TF1, R. 
This solution is Scenario 3, in which the project-level risk is partially eliminated to satisfy the customer’s requirement 
with respect to time at minimal cost. 
The distribution of the execution time of the analysed project for Scenario 3 is presented in Fig. 1. This was 
determined on the basis of 1,000 simulation runs, assuming ߙ ൌ Ͷ, ߚ ൌ Ͷ (see (1)). 
 
 
Fig. 1. Distribution of project time for Scenario 3 (expected project duration 195.76 days). 
The confidence interval for Scenario 3 (at a confidence level of 0.95) for the expected project execution time is 
(186.27, 206.23). Fig. 1 can be presented to the customer and analysed in greater depth, taking into account not only 
the expected project execution time, but all the project durations with a positive probability. It can be seen that the 
distribution is shifted to the left, which favours smaller project duration times. But such durations which are bigger 
than 200 days are also quite possible, there is even the risk of attaining 212 days. All this has to be analysed and 
discussed with the customer. 
5. Conclusions 
We propose a PERT-based model supporting time-related project risk management. The newness of the model 
with respect to the existing literature is that it distinguishes between various project risk categories, depending on the 
existence or non-existence of risk elimination possibilities. For the risks which can be eliminated at some cost, the 
model helps to decide which ones to eliminate to satisfy the time requirements at minimal cost.  
The advantage of the proposed model over the existing project risk management approaches is that it helps to find 
the optimal application of risk elimination measures to the risks which can be eliminated. In the traditional approaches 
the elimination measures are usually selected intuitively. Here, the cheapest selection is determined, which, taking 
into account large costs of construction projects and the high competitiveness on the construction market, may be of 
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high importance. Also, to the knowledge of the authors it is the first formal model which distinguishes various 
categories of project risk.  
Further research should follow two directions. First, other risk categories (for example risks that cannot be 
eliminated, but can be transferred or mitigated) should be included in the model, as well as other probability 
distributions, if it transpires that this would be justified in practice. The other direction would be to verify the model 
using other real world cases of construction projects. 
Any contribution to knowledge on how to manage the risks of construction projects (as well as other projects, 
especially those consuming substantial financial resources, often public ones) in terms of delays is important as each 
delay causes important losses: money, time, opportunities, image, etc. Thus, in our opinion, the research line started 
in this paper should be continued.  
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